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In this paper, we give a very efficient and completely reliable method to
enumerate all combinatorial possibilities for fullerene structures. The method is
based on a top-down di¤ide and conquer approach and can easily be generalized
also for other kinds of spherical structures. A computer program based on this
approach was used to produce complete lists of fullerene structures with up to 162
atoms. Q 1998 Academic Press
Presently, methods for reliable and efficient enumeration of fullerene
Ž w x.isomers are a much discussed topic cf. 1]5 . All published procedures
use a bottom-up strategy: starting from a small subconfiguration, fullerene
structures are generated by stepwise enlarging this subconfiguration in all
conceivable, or in some particular ways assumed to be sufficient, e.g., by
using one or the other variant of the so-called spiral algorithm. Unfortu-
nately, these methods easily meet prohibitive time constraints. So imple-
mentations often try to reduce complexity by shortcuts which then endan-
ger reliability. Up to now, no method was known that could guarantee
complete lists of fullerenes and was fast enough to be applicable for, say,
80 C-atoms.
In this note, we present a new approach to the fullerene enumeration
problem which is absolutely reliable}that is, it can guarantee complete
lists}and simultaneously amazingly efficient: On an HP9000r735, a com-
Ž .plete enumeration of, e.g., all C -structures of which there are 181260
needs about 12 sec, 6.5 sec for the generation of sufficiently many
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structures and 5.5 sec for testing structural isomorphism. For fullerenes
with more than 100 atoms, the program appears to be faster by approxi-
mately six orders of magnitude than previous ones. The method can be
characterized as a top-down di¤ide and conquer approach, which uses
Ž w x.Petrie paths cf. 6 to reduce the problem of enumerating all fullerene
structures with a given number of C-atoms to solving corresponding
triplets of PentHex Puzzles. These two concepts are illustrated in Figs. 1
and 2.
We presuppose that any reader is familiar with the description of
Žfullerene structures as three-regular planar or, equivalently and chemi-
.cally more suggestive spherical, see Fig. 1 graphs with hexagonal and
Ž w x.pentagonal faces only cf. 7, 3 . Due to the Euler formula, this implies
that there are precisely 12 pentagonal faces, while the number n of
Ž .vertices or atoms is related to the number N of hexagonal faces by the
Ž . Ž . Ž .FIG. 1. a A Jordan curve Petrie path. b A ``dumb-bell'' Petrie path. c A ``sandwich''
Petrie path.
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Ž . Ž . Ž .FIG. 2. The three patches, of type 0, 9 , 5, 6 , and 0, 8 , respectively, needed to construct
Ž .the fullerene in Fig. 1 c relative to the marked Petrie path. Edges with both endpoints in A
are marked by a thick line.
formula n s 20 q 2 N, in particular the number n of atoms is necessarily
even. A Petrie path in such a fullerene, then, is a sequence of edges
Ž .e , e , . . . , e such that any two consecutive edges e , e i s 1, . . . , k y 11 2 k i iq1
Ž .share precisely one vertex and, hence, they also share one face , while no
Žface is shared by any three consecutive edges e , e , e i s 1, . . . , k yi iq1 iq2
.2 . In other words, Petrie paths are zig-zag paths along the network of
edges provided by a fullerene, which at each vertex they meet, turn right or
left alternatively.
It is clear that for each pair e , e of edges which share precisely one1 2
vertex and for each k G 2, there exists precisely one Petrie path
e , e , . . . , e . Hence, starting with an arbitrary such pair e , e , there must1 2 k 1 2
exist a smallest k G 2 such that the end vertex of e coincides with one ofk
Žthe vertices which have been met before. In Fig. 1 this vertex is indicated
.by a full circle. If this is the vertex of e where our Petrie path started and
if e , e , and e do not share a face, we have a closed Jordan Petrie pathky1 k 1
which cuts our spherical fullerene structure into two hemispheres, both of
wwhich have a zig-zag boundary consisting of precisely k edges see Fig.
Ž .x1 a . Otherwise, we may reverse our direction and follow the reverse
Petrie path starting with e and then continuing with e , e , e , . . . , e2 1 0 y1 yl
Žuntil again, for some l G 0, we meet some vertex visited before including,
.of course, the vertices of e , e , . . . , e , indicated by an open circle. In this1 2 k
case the total path e , e , . . . , e , e , . . . , e cuts our spherical fullereneyl ylq1 0 1 k
Ž .structure in precisely three patches, either of the form depicted in Fig. 1 b
Ž .or of that depicted in Figure 1 c .
In each case, the boundaries of these patches are again zig-zag paths
Žthat is, the third edges emerging from the vertices along the boundary,
i.e., those which are not followed by our path, alternatively stick out of and
.into the patch except for two localities}involving the vertices where our
Petrie path met itself}where at least two consecutive vertices at the
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boundary have their third edge sticking out. Clearly, once we know those
Ž .either two or three whole patches, we can glue them together to regain
our fullerene.
Ž .It remains to discuss how the structure of these patches can be re- con-
structed. This leads to the concept of PentHex Puzzles: A PentHex Puzzle
is given by separating a given finite set X of points, called boundary
vertices, on a circle into two disjoint subsets, say A and B. The associated
task is to fill the disc inside the circle by a planar graph so that this graph
contains the circle line, its vertices on the circle line are precisely the
Ž .points in X that is, the boundary vertices , all of its vertices except those
in A have degree 3 while those in A have degree 2, and all of its faces are
pentagons or hexagons. Invoking Euler's formula again, one easily sees
that the number of pentagonal faces equals 6 q aB y aA. Obviously, any
of the above patches is a solution of the PentHex Puzzle defined by its
boundary line, with A the set of vertices along the boundary where the
third edge sticks out of and B those where it sticks into the patch.
Moreover, the way our patches were constructed in terms of Petrie paths
ensures that only con¤ex PentHex Puzzles have to be solved, that is, those
where no two consecutive vertices are in B.
Ž .In cases like that depicted in Fig. 1 a , that is if aA s aB, the structure
Ž .of such a puzzle can be encoded by just one number M s aA s aB . If
aA ) aB, the edges with both incident vertices in A divide the boundary
Žinto j [ aA y aB ) 0 segments. In this case, the sequence M ,1
.M , . . . , M , denoting consecutively the numbers of vertices in B in these2 j
Ž .segments, can be used to encode the structure of the puzzle cf. Fig. 2 .
Fortunately, convex PentHex Puzzles can be solved recursively quite
easily. In case aA s aB \ M, any solution starts with a given number
H G 0 of inscribed hexagon circles, each of length M and each reproduc-
w Ž .xing the given puzzle in its interior cf. Fig. 3 a , until the first pentagons
are met in which case we are reduced to solving a PentHex Puzzle of type
Ž .M , . . . , M with j the number of pentagons in the next inscribed circle of1 j
Ž .faces and M s j q M q ??? qM . And in case aA ) aB, we can in-1 j
scribe hexagons starting at an edge with both of its vertices in A and
w Ž .xproceeding either to the next such edge as indicated in Fig. 3 b or until
w Ž .xwe insert a pentagon Fig. 3 c . This way, the PentHex Puzzle can be
reduced to one with a smaller number of B-type vertices. The inverse of
the described reduction process can be used to construct all solutions of
convex PentHex Puzzles with, in principle, any given number of hexagons,
starting from a pentagon or a hexagon.
ŽBy using an appropriate form of dynamic programming and lots of care
.in setting it up explicitly, implementing it and in using the memory one
can, for any given number n of atoms up to, say, n s 160 construct all
Žfullerene structures as well as only the structures obeying the isolated
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Ž . Ž .FIG. 3. a Example: A puzzle with boundary sequence M s 9 case aA s aB is, after
Žbeing filled with one circle of hexagons, reduced to one with boundary sequence M s 3,1
. Ž . Ž .M s 4 . b Example: A puzzle with boundary sequence M , . . . , M , M s 5 is reduced2 1 jy1 j
Ž . Ž .to one with boundary sequence M y 1, . . . , M y 1, M s 6 . c Example: A puzzle with1 jy1 j
Ž .boundary sequence M , . . . , M , M s 4 is reduced to one with boundary sequence1 jy1 j
Ž .M , . . . , M y 1, M s 3, M s 1 .1 jy1 j jq1
.pentagon rule, that is, the IPR structures . In addition, by using a sophisti-
cated lexicographic coding method, one can also make sure that the
resulting list of fullerene structures never contains two structurally isomor-
Ž .phic or enantiomeric copies. This method for isomorphism testing is, of
course, also completely reliable. No assumptions about cospectrality of
fullerene graphs were used. Together with the details of the implementa-
tion, it will be described elsewhere.
Ž .Table 1 records the number of all nonisomorphic fullerene isomers
Ž .with up to 162 atoms as well as the number of all nonisomorphic
IPR-fullerenes with up to 206 atoms. It seems remarkable that for n G 38
Ž .the number F n of all fullerene isomers with n atoms roughly coincides
BRINKMANN AND DRESS478
TABLE 1
Numbers of Fullerenes and IPR-fullerenes with Corresponding Numbers of Fullerenes and
IPR-fullerenes in one row. A Stands for the Number of Vertices, B for the Number of
Fullerenes and C for the Number of IPR-fullerenes.
A B A C A B A C
60: 1 88: 81 738 136: 79 362
62: 0 90: 99 918 138: 98 541
64: 0 92: 126 409 140: 121 354
66: 0 94: 153 493 142: 151 201
20: 1 68: 0 96: 191 839 144: 186 611
22: 0 70: 1 98: 231 017 146: 225 245
24: 1 72: 1 100: 285 914 148: 277 930
26: 1 74: 1 102: 341 658 150: 335 569
28: 2 76: 2 104: 419 013 152: 404 667
30: 3 78: 5 106: 497 529 154: 489 646
32: 6 80: 7 108: 604 217 156: 586 264
34: 6 82: 9 110: 713 319 158: 697 720
36: 15 84: 24 112: 860 161 160: 836 497
38: 17 86: 19 114: 1 008 444 162: 989 495
40: 40 88: 35 116: 1 207 119 164: 1 170 157
42: 45 90: 46 118: 1 408 553 166: 1 382 953
44: 89 92: 86 120: 1 674 171 168: 1 628 029
46: 116 94: 134 122: 1 942 929 170: 1 902 265
48: 199 96: 187 124: 2 295 721 172: 2 234 133
50: 271 98: 259 126: 2 650 866 174: 2 601 868
52: 437 100: 450 128: 3 114 236 176: 3 024 383
54: 580 102: 616 130: 3 580 637 178: 3 516 365
56: 924 104: 823 132: 4 182 071 180: 4 071 832
58: 1 205 106: 1 233 134: 4 787 715 182: 4 690 880
60: 1 812 108: 1 799 136: 5 566 948 184: 5 424 777
62: 2 385 110: 2 355 138: 6 344 698 186: 6 229 550
64: 3 465 112: 3 342 140: 7 341 204 188: 7 144 091
66: 4 478 114: 4 468 142: 8 339 033 190: 8 187 581
68: 6 332 116: 6 063 144: 9 604 410 192: 9 364 975
70: 8 149 118: 8 148 146: 10 867 629 194: 10 659 863
72: 11 190 120: 10 774 148: 12 469 092 196: 12 163 298
74: 14 246 122: 13 977 150: 14 059 173 198: 13 809 901
76: 19 151 124: 18 769 152: 16 066 024 200: 15 655 672
78: 24 109 126: 23 589 154: 18 060 973 202: 17 749 388
80: 31 924 128: 30 683 156: 20 558 765 204: 20 070 486
82: 39 718 130: 39 393 158: 23 037 593 206: 22 606 939
84: 51 592 132: 49 878 160: 26 142 839 208: 25 536 557
86: 63 761 134: 62 372 162: 29 202 540 210: 28 700 677
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Ž .with the number F n q 48 of all IPR-fullerene isomers with n q 48IPR
Ž .atoms, and that for n divisible by 4 the difference between F n and
Ž . Ž .F n y 2 roughly coincides with the difference between F n q 2 and
Ž .F n .
The electronic file of all isomers with up to 100 atoms and all IPR
fullerenes with up to 148 atoms is available upon request. The size of the
files in bytes is about three times the number of structures. For re-
searchers requiring larger structures, the full program is also available.
Using a fast Hamiltonian-cycle checker written by Brendan McKay, we
checked all structures with up to 150 atoms for Hamiltonicity. The fact that
they all were found to have a Hamiltonian cycle corroborates a conjecture
Ž w x.by D. Barnette cf. 8 and is also relevant for the IUPAC nomenclature
rule. Furthermore, all structures found so far could also have been found
Ž w x.by the spiral algorithm cf. 9 , though for 21 structures, the smallest one
having 100 atoms and the only known IPR fullerene with this property
having 206 vertices, one has to start the spiral with a hexagon. A list of
these fullerenes is availble upon request.
The isomers we provided could be helpful in establishing new and
Ž w x.verifying already proposed rules cf. 10, 11 being effective in the forma-
tion of fullerenes, so that only several specific isomers are experimentally
available. Sample running times for the generation and the test for the
existence of a spiral are, e.g., 91 hr for all fullerenes with 162 atoms and 16
Ž .hr for all IPR-fullerenes with 174 atoms both on an HP9000r735 .
The method extends easily to fullerene-like structures which include
Ž .quadrangles and it can also be applied though not simply to handle those
which include heptagons, etc. Its application towards other polyhedral
Ž w x.molecules, e.g., polyoxometalates cf. 12 , is in progress.
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